Gibbs ensemble Monte Carlo simulations are reported for the vapour-liquid phase coexistence of argon, krypton and xenon. The calculations employ accurate two-body potentials in addition to contributions from three-body dispersion interactions resulting from third-order tripledipole, dipole-dipole-quadrupole, dipole-quadrupole-quadrupole, quadrupole-quadrupolequadrupole and fourth-order triple-dipole terms. It is shown that vapour-liquid equilibria are affected substantially by three-body interactions. The addition of three-body interactions results in good overall agreement of theory with experimental data. In particular, the sub-critical liquid-phase densities are predicted accurately.
Introduction
It is well-established 1 that the physical properties of fluids are governed overwhelming by interactions involving pairs of molecules. However, it is also well-known 2-4 that three-body interactions can make a small but significant contribution to the energy of the liquid. Calculations of the configuration energy 2, 4 of atoms indicate that three-body interactions make a contribution of typically 5% -10% to the overall energy. There is also evidence 3, 4 to indicate that the contribution of three-body interactions for molecules is considerably higher. The influence this relatively small contribution has on the observed properties of the fluid is unclear. This uncertainty arises from a number of factors such as the adequacy of the two-body potential and the incomplete calculation of three-body interactions. Often, two-body potentials are used which do not truly reflect the contribution from two-body interactions but which effectively include contributions from other many-body interactions. Calculations of three-body interactions typically only consider contributions from the Axilrod-Teller 5 term. The Axilrod-Teller term only accounts for triple-dipole interactions whereas other three-body interactions arising from high multipoles are possible. 6, 7 Furthermore, the effect of three-body repulsion is most commonly ignored.
The vapour-liquid phase transition represents an important property which is sensitive to intermolecular interactions. Gibbs ensemble Monte Carlo 8 simulations provide an effective means of relating the vapour-liquid transition to the underlying intermolecular interactions as described by a suitable intermolecular potential. Previous work [9] [10] [11] on the role of three-body interactions on the phase behaviour of pure atomic systems has been restricted to the Axilrod-Teller term and the calculations have been confined exclusively to argon. In addition, calculations on the influence of three-body interactions on phase behaviour of some theoretical binary mixtures are also available. 12, 13 Sadus and Prausnitz 9 reported that the Axilrod-Teller term contributes typically 5% of the overall energy of the liquid phase of argon. Calculations for the vapour-liquid coexistence of argon by Anta et al. 10 and Sadus 11 using a combination of the Lennard-Jones and Axilrod-Teller potentials indicate that the inclusion of three-body interaction deteriorates the agreement between theory and experiment for the coexisting liquid phase densities. This failure can be attributed to the effective nature of the Lennard-Jones potential. Anta et al. 10 reported good results for vapour-liquid coexistence of argon using the Aziz-Slaman 14 potential in conjunction with the Axilrod-Teller term.
Unlike the Lennard-Jones potential, the Aziz-Slaman potential is a genuine representation of the contribution of only two-body interactions.
The aim of this work is to investigate comprehensively the role of other mutipole three-body dispersion terms in addition to the Axilrod-Teller term on the vapour-liquid transitions observed for argon, krypton and xenon.
Theory

Intermolecular potentials
Several accurate two-body potentials are available in the literature. 1 We have chosen to use the potentials proposed by Barker et al. 2, [15] [16] [17] because of their well-known accuracy and the availability of intermolecular potential parameters for argon, krypton and xenon. A recent review of intermolecular potential is available elsewhere. 18 The two-body interaction of argon are well represented by the Barker-Fisher-Watts (BFW) potential. 2 The BFW potential is a linear combination of the Barker-Pompe 15 (u BP ) and Bobetic-Barker 16 
where the potentials of Barker-Pompe and Bobetic-Barker have the following form:
In eq. (2), x = r/r m where r m is the intermolecular separation at which the potential has a minimum value and the other parameters are obtained by fitting the potential to experimental data for molecular beam scattering, second virial coefficients, and long-range interaction coefficients. The contribution from repulsion has an exponential-dependence on intermolecular separation and the contribution to dispersion of the C 6 , C 8 and C 10 coefficients are included. The only difference between the Barker-Pompe and Bobetic-Barker potentials is that a different set of parameters is used in each case. These parameters 2 are summarised in Table I. The molecule-specific nature of the intermolecular potential is illustrated by attempts to use eq.
(2) for other noble gases such are krypton and xenon. Barker et al. 17 reported that modifications to eq. (2) were required to obtain an optimal representation for these larger noble gases. For krypton and xenon, they determined a potential of the form:
where u 0 (r) is identical to eq. (2) and u 1 (r) is given by
and α', P and Q are additional parameters obtained by fitting data for differential scattering crosssections. In this work we have used eq. (3) to predict the properties of krypton and xenon with the parameters 17 summarised in Table I . Different types of interaction are possible depending on the distribution of multipole moments between the atoms. In principle, the dispersion or long-range non-additive three-body interaction is the sum of these various combinations of multipole moments. 6 In this work, we have considered contributions from dipoles (D), quadrupoles (Q) which are likely to make the most substantial effects on three-body dispersion:
These terms are all third-order with the exception of the contribution of the fourth-order triple dipole term (u DDD4 ). The main contribution to attractive three-body interaction is the third-order triple- 
where v DDD (ijk) is the non-additive coefficient, and the angles and intermolecular separations refer to a triangular configuration of atoms. A detailed derivation of eq. (6) from third-order perturbation theory has been given by Axilrod. 19 The contribution of the Axilrod-Teller potential can be either negative or positive depending on the orientation adopted by the three atoms. The potential is positive for an acute triangular arrangement of atoms whereas it is negative for near linear geometries. The potential can be expected to make an overall repulsive contribution in a close-packed solid and in the liquid phase.
The r -3 terms indicate that the magnitude of the potential is very dependent on intermolecular 5 separation. The major contribution to the potential will occur for configurations in which at least one pair of atoms is in close proximity to each other. 
different ordering of the multipole moments on the three atoms (i.e., QDD, DQD, QDQ and QQD) can be generated from eqs (8) 
The coefficients [20] [21] [22] for these three-body terms are summarised in Table I . Strategies for calculating multipole moments have been discussed recently. 22 Combining the contributions from two-body and three body interactions yields an overall intermolecular potential for the fluid:
Simulation Details
The NVT Gibbs ensemble 8 was implemented for a system of 500 atoms. The simulations were performed in cycles consisting typically of 500 attempted displacements, an attempted volume change and 500 interchange attempts. Typically, 1500 cycles were used for equilibration and a further 1500 cycles were used to accumulate ensemble averages. Periodic boundary conditions were applied. The two-body potentials were truncated at half the box length and appropriate long range correction terms were evaluated to recover the contribution to pressure, energy and chemical potential of the full intermolecular potential. 23 Some care needs to be taken with the three-body potentials because the application of a periodic boundary can potentially destroy the positioninvariance of three particles. 24 We examined the behaviour of the three-body terms for many thousands of different orientations and intermolecular separations. All the three-body terms asymptote rapidly to zero with increasing intermolecular separation. For a system size of 500 or more atoms, we found truncating the three-body potentials at intermolecular separations greater than a quarter of the length of the simulation box to be an excellent approximation to the full potential that also avoided the problem of three-body invariance to periodic boundary conditions. The threebody simulations commonly require 20 and 12 CPU hrs on the Fujitsu VP300 and NEC Sx-4/32 supercomputers, respectively.
Results and Discussion
The results of Gibbs ensemble simulations for the vapour-liquid properties of argon, krypton and xenon are reported in Tables II -VII. The remaining stable noble gases helium and neon were not considered because of uncertainties arising from quantum effects. Some molecular dynamics studies and ab initio calculations for helium and neon have been reported recently. [25] [26] [27] The normal convention was adopted for the reduced density (ρ* = ρσ 3 ), temperature (T* = kT/ε), energy (E* = E/ε), pressure (P* = Pσ 3 /ε) and chemical potential (µ* = µ/ε). The chemical potential was determined from the equation proposed by Smit et al. 28 The uncertainties in the ensemble averages for density, temperature, energy and pressure reported in Tables II -VII The coexistence properties obtained from argon using the BFW potential are summarised in Table II and the BFW + three body calculations are reported in Table III . In Figure 1 , experimental data for the vapour-liquid phase envelope of argon are compared with simulation results obtained in this work and data reported by Anta et al. 10 for the Aziz-Slaman 14 and Aziz-Slaman 14 + Axilrod-Teller 5 intermolecular potentials. Miyano 29 has also reported some calculations for argon using the BFW potential. The comparison with experiment in Figure 1 indicates that both the BFW and Aziz-Slaman potentials do not predict the liquid phase coexisting density of argon adequately. There is generally fair agreement for the vapour-branch of the coexistence curve. This contrasts with calculations using the Lennard-Jones potentials which normally yields good agreement with experiment for liquid densities. The good agreement often reported 9 with the Lennard-Jones potential is fortuitous and probably arises for the "effective" many-body nature of the potential. It is apparent from Figure 1 that genuine two-body potentials cannot predict the liquid phase densities of argon adequately. The results obtained from the BFW and Aziz-Slaman potentials are almost identical.
Anta et al 10 . reported that the addition of the Axilrod-Teller term to the Aziz-Slaman potential resulted in a considerable improvement in the agreement between theory and experiment as is illustrated in Figure 1 . The contributions to both pressure and configurational energy of the various multipole terms to the three-body interactions of argon are identified in Table II . The contribution of three-body interactions to the vapour phase is negligible whereas they make an important contribution to the liquid phase. The various three-body contributions to the configurational energy of the liquid phase of argon are compared graphically in Figure 2 . Although Anta et al. 10 reported values of density, temperature, pressure and configurational energies they did not report the contribution of three-body interactions to either the pressure or energy. It is evident from both the data in Table II and To the best of our knowledge, previous work on the effect of three-body interactions on the phase behaviour of fluids has been confined exclusively to argon. In Tables IV -VII we This work has not considered the possibility of interactions from three-body repulsion. There is evidence 1,9 that suggests that three-body repulsion may offset the contribution of Axilrod-Teller interactions by as much as 45%. However, this conclusion is based largely on approximate models 30 of three-body repulsion that are tied closely the Lennard-Jones potential. The lack of theoretical insight into three-body repulsion is in contrast to the well-developed models of three-body dispersion. It has been suggested 31 that three-body repulsion may improve the prediction of the thermodynamic properties of xenon. However, the good results obtained for argon, krypton and xenon without including three-body repulsion, may indicate that three-body repulsion does not contribute significantly to vapour-liquid coexistence.
Conclusions
We have demonstrated that three-body dispersion interactions have a significant effect on the vapour-liquid transition of argon, krypton and xenon. The addition of three-body dispersion terms to an accurate two-body potential, results in good overall agreement of theory with experimental data. 0.0254 (7) 0.0186 (7) 0.0170 (7) 0.0159(6) 0.0147(6) 0.0127 (7) 0.0117 (6) 
